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Theorem Using Coq

D. Britten

University of Auckland, New Zealand

CDMTCS-522
February 2018

Centre for Discrete Mathematics and
Theoretical Computer Science















|
|

https://coq.inria.fr/download
https://github.com/Coda-Coda/MartinLoefTheorem-Dissertation/releases/tag/cdmtcs


| )
| )

!

8

•

•

•
8



8

•

8 !

•

¬ ¬
8 !

! ¬ ¬

•

8 _

•
¬

8 ¬ ! _ !
8 ¬ ! _ ¬ ! ¬

¬



•

8 ¬ ! _ ¬ ! ¬



A _ B
_ A

B A _ B

?



•

•



• A A

• A _B A
B



• A ^B A
B

• A ! B
A B

• ⇠A A ! (0 = 1)

• A ⇠A

• A
A

• A A

•

A
A

A ⇠A A ! (0 = 1)
B A

(0 = 1) B A

A B A ^ B

(0 = 1)

⇠(0 = 1) (0 = 1) ! (0 = 1)
(0 = 1)

(0 = 1)

A

A ⇠A
A ! (0 = 1) (0 = 1)



A A



K5



!

! !

¬
^

_
!

$



¬
^
_
!
$

¬ _

! 8
! 9

!
8x, P (x) ! P (x)

P

)

)

)

)

⇤ ) 8 !
⌃ ) 9 ^

⇤



⌃

⌃ ⇤ ! ⇤
⌃

8

)

⇤ !

⇤ !



⇤

⇤ )
|

| ` )
8 ! ⇤ !

9 |
8 8 ! ! ⌃

⌃



8 ⌃ ! 9

9

8 ⇤ ^ $ ⇤ ^ ⇤

⌃ ! ¬ ⇤ ¬



¬

⇤ ⌃
! !

⇤ ⌃
) 8 !
) 9 ^

8
8
8 !

8 8 !

⇤ ⌃



)
|

| ` )

9 |

8 ! !

8 ! 9 ⌃
⌃

9

⌃

¬ ⌃ ! ⌃ ¬





¬ ¬ ! ¬ ¬ ¬ !

¬ ¬ !



¬ ¬ !

¬ ¬ ¬ !

?
¬ ¬ ¬ ! ! ?

¬ ¬ ¬ ! ! ?

¬ ¬ ¬ ! ! ?



¬ ¬ ¬ ¬ !
¬ ¬ ¬ !

? ¬ ¬ ¬ !

¬ ¬ ¬ !
¬ ¬ ¬ !

¬ ¬ ¬ ¬ ¬ ¬ !
¬ ¬ ! ¬ ¬ ¬ !



p _ ¬p

✏ p
` q

✏ p ` p

p
_ ¬ ✏ _ ¬

✏ ✏ ¬
✏

`
¬
✏ ¬

` ¬ ¬
¬

¬
p p ¬p

p _ ¬p
p _ ¬p



¬ ¬ !

¬ 9 _ 9 ¬

8 ¬ _ ¬

8 9 $

9

¬ _ ¬

¬ _ ¬
¬ _ ¬

8 $ ¬ _ ¬

8 ¬ ¬ _ ¬

8
¬ ¬ _ ¬

8 ¬



$ 8 ¬ ¬ _ ¬

8 $

¬ ! ?
8 ¬ ! ?

! ?
? ¬

?
¬ 6=

¬ ¬ !



8 ¬ ! ¬
8 ¬ ! ¬

8 ¬ ! ¬
8 ¬ ! ¬

¬
¬



⌃

! ⌃

⌃ ! ⌃

) ) ) ) )

) ) ¬ ) ¬

)



(¬ ⌃ ) ¬ ) ¬ ) ⌃ (¬ ) (¬ ⌃ ) ⌃ (¬
) ⌃ ⌃
) ⌃ ) (¬ ⌃ ) ¬

¬ ⌃ ) ¬
(¬ ) ⌃ (¬ ) (¬ ⌃ ) ⌃ (¬
¬ ) ⌃ (¬ ⌃
¬ ⌃ ) ⌃ (¬

¬ ⌃ ) ⌃ (¬

|
| !

| !
| ! !
| ! !
| ! !
|
| !
| !



^
_
)

?
¬ ) ?
⌃
⇤

_ (⌃ )

!

!

8 ) ) ) ) )
8 ) (⌃

8 ) ) ¬ ) ¬
8 ) ! !



⌃
¬ ⌃ ) ⌃ (¬

8 ¬ ⌃ ) ⌃ (¬

(¬ ⌃ (¬ ⌃ (¬

⌃

¬

) ⌃
⌃

8 ¬ ⌃ ) ⌃ ¬

¬ ) ⌃ (¬
¬ (⌃ ) (¬

) ⌃
⇥
⇥



⌃

8 ) (⌃

8 ) ) ) ) )

⌃
⌃

8 ) ) ¬ ) ¬

⌃

8 ) ! !
⌃

8 ) (⌃

⌃

8 ⌃ (⌃ (⌃ ) (⌃ (⌃ (⌃ (⌃

) ⌃ ⌃

8 ¬ ) ⌃ (¬



⌃
¬

A B A ^ B

A
B A ^B

8 ^ $ ^
A

^ (¬

8 ¬ ^ (¬
¬

¬

8 ¬ ¬ (⌃ ^ (¬ (⌃ (¬

(⌃ (¬



8 ) ) (¬ ) ¬
8 ) ! !

8 ¬ ^ ¬
8 ^ $ ^

8 ) ⌃
!

8 ) ) ) ) )

8 ¬ ¬ (⌃ ^ (¬ (⌃ (¬

(¬ (⌃ ) (⌃ (¬

(⌃ (¬ ¬ (⌃ (¬



|
| !

!

| !
| ! !



| ! !
| ! !
| ?
| !
| !

! ^

! !

!
| 8 !
| 8 ! !
| 8 !
| 8 !
| 8 ? !
| 8 !
| 8 !

8 $ 9 !



^
_
)

?
¬ ) ?

¬ ?

?

?

8 ¬ ^



A B
A ^ B

8 ^ ! ^

^
8 ^ $ ^

?

¬ ?

A



8 ¬ ^ ¬

8 ! ?

!

! ?

9

8 ¬ ¬ ^ ¬ ¬



¬

8( : ), ! ( ( )).

¬ ¬ !
¬ ¬ ¬ !

)
9 !

! )
!



¬ ¬ !

(¬¬ ! ) _ (¬(¬¬ ! ))

¬ ¬ !
? ¬ ¬ !



8 ^ $ ^
8 ¬ ^ (¬

8 ! !

?

!
| 8 ! !



https://coq.inria.fr/
http://flint.cs.yale.edu/cs428/coq/doc/faq.html#htoc7
http://www.cs.auckland.ac.nz/~cristian/301/301_beamer.pdf


https://sourceforge.net/projects/proofassistant/
https://en.wikipedia.org/wiki/G%C3%B6del%27s_completeness_theorem#G%C3%B6del%27s_original_formulation
https://www.britannica.com/topic/metalogic/Discoveries-about-formal-mathematical-systems#ref65872
http://www3.cs.stonybrook.edu/~pfodor/courses/CSE371/slides10/10slides.pdf
http://vilhelms.github.io/posts/why-must-inductive-types-be-strictly-positive/
https://stackoverflow.com/questions/48191057/would-it-be-inconsistent-to-relax-coqs-strict-positivity-checker-to-not-look-at/48193206

