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Camera Calibration



Tsai’s calibration

Sw=[Xus Yorr Zl TvBD world coordinates

Rigid body transformation from the world reference frame
to the 3D camera coordinate system (parameters R, T):
S=RS,+T

S=[X,Y,Z]" 3D pin-hole camera coordinates

Perspective projection with the pin—hole geometry ( f):

Y
=tz =tz

Z
|

S, = [Xy yU]T 2D undistorted image coordinates

Radial lens distortion (parameters k4, Ko, ... ):
X, = Xg(1+1,p2+ 15p4); Y, = Yy (1 +19p2+ K ,p4)

Sq = [Xg: yd]T 2D distorted image coordinates

Acquisition of the digital image (scale factor s, ):
GE SXda9% * &oi G Yady *+ Cy o

s=[c, ¢ T Column-row coordinates in the lattice



Calibration steps 1 — 2

The Tsai's method requires at least 7 non-
coplanar 3D reference points. The scale s, is
initially set to 1 and will be determined at step

4.

1. Find coordinates [xg,yq] in the distorted im-
age from the lattice coordinates [cg,cy] as-
suming that [c; 0, ¢y 0] is the image center:

6z (ca—c ,O).
rq — sa X ;

Yd — 5y(cy — Cy,O)-

2. Find 7 parameters of transforming image co-
ordinates into world coordinates.

(a) Exclude the denominator from

Td — r11XwtrioYw+ri3Zw+titx
St r31 Xw+r32Yw+r3zZw+tz

_ 7“21Xw—|-T22Yw—|—7“23Zw—|-ty
Yd r31 Xw+7r32Yw+r3zZw+tz

(b) Form the linear equation

(ro=m)



assuming that

m = [yaXw, YaYw, YaZw; Yd, —TaXw, —TqYw, —TaZw] ' ;

(ty = 0) :

— 1 T
L = =[syT11, 82712, 82713, Sata, 721,722, 723] -
)

(c) More than 7 reference points lead to an
over-determined system of equations

zg; =m]L; i=1,...,N

or X = ML where X is the N x 1 vector
of z4,; values and M is the N x 7 matrix

with the row vectors m].

This system can be solved by using the

pseudo-inverse technique (Moore-Penrose
inverse):

I = <1\/IT1\/I)_1 MTX



Moore-Penrose inverse

Let Ax = b be an over-determined system of
linear equations where A is a matrix nxm, x is a
vector mx1, and b is a vectornx1. The pseudo-
inverse matrix for this system is obtained by
solving the least-square problem mXin D(x) where

D(x) =||Ax —b||°=xTATAx —2x"ATb + bTh.

Minimisation yields: 8%—;’() =0, or

(ATA)x—ATb=0

Thus the solution is: x = (ATA)1ATb if the
square m x m matrix ATA is of rank m.



Calibration steps 3-4

1. Find the Y-coordinate of the translation vec-
tor using the parameter vector L obtained
at step 2 and the orthonormality property of

the rotation matrix R:
31t triz=1 —
1
ty| = ——
\/“5"‘“6"‘“7
where a; denotes the -th component of the
parameter vector L:

L = [a1,a2,...,a7]".

2. Determine the scaling factor s; using the or-
thonormality property of R:

Sp = |ty|\/a% + a% + a%

3. Find the sign of ¢, as follows.

(a) Choose the reference 3D point whose im-
age position is the most distant from the

principal point (image center).



(b) Compute the parameters

11 = a1ly; 112 = agtly; 713 = a3zty;
721 = asly, 122 = agtly, 123 = arty,

(c) Compare the signs

sign{r11 Xw + r12Yw + r13Yw + tz};
sign{ro1 Xw + rooYw + ro3Yw + ty}
of the computed coordinates of the pro-
jected point to the signs of the actual
image coordinates x,y. If the signs do
not coincide, the sign of ¢y should be in-
verted.



Calibration step 5

1. Recalculate the 6 components of the rota-
tion matrix R and the X-component of the
translation vector t:

__ .ty _ . ty. _ . ty.
i1 — a1y T12 — a2y 713 — a3g

ro1 = at5ty; roo = a6ty; ro3 = a7ty;
Yy
Sy’

tw — a4
2. Calculate the remaining 3 components of

the rotation matrix using the inner vector
product of its first two rows:

rap = A| 12 T13 . 5[ 713 T11
722 T23 723 T21
r r

raq = A| 711 712
T21 T22

where the factor X\ is given by the orthonor-
mality ’r‘%l -+ 7‘%2 -+ 7‘%3 = 1.



Calibration step 6

Approximate the focal length f and the Z-
coordinate of the translation vector taking no
account of the lens distortion.

Projection relation for a reference point z:
C— T21 X122V i +723 20 ity
Yd,i 731 Xw,i+732Yw,i+73320. i1tz
is rewritten as the linear equation w.r.t. f and
(P

[Uy,i _yd,i] [t];] — Uz,4Yd,i

where Uyﬂ; = ’r‘Qle,Z- —+ T22Yw,i —+ TQSZw,i —+ Ly and
Ui = 131X, T 732Y i + 733724

More than 2 reference points 2 result in the
over-determined system of equations:

[ /] =

to be solved by the pseudo-inverse technique
where:

MT — Uy)]_ Uy72 . o Uy,n
—Yd,1 —¥Yd,2 -+ —Ydn



and

m' = [ Us1yd1 Uz2Yd2 --- Uznydn ] :

The desired solution is as follows:

[if ] = (M'M)"IM'm.
y
More accurate solutions are obtained with the

steepest descent optimisation that starts from
the already determined approximate values.



